Lecture 6: Differential Forms and Maxwell’s
Equations

This lecture will lead to Maxwell’s equations in the language of differential forms. This

will make clear how they are a consequence of choosing a particular geometry.
Let us begin with some examples of 1-forms in physics:

1. Work and Force: Work is the integral of force along a path: W = [F -dr. In
the language of manifolds, Force is not naturally a vector; it is a 1-form. It is an

operator that evaluates a displacement vector to yield expended energy.

2. Thermodynamics: The fundamental thermodynamic identity is dU = TdS —
PdV. The differentials dU, dS, and dV are not just infinitesimally small numbers;
they are rigorously defined 1-forms living on the manifold of thermodynamic states.
You feed them a specific thermodynamic process (a vector), and they output the

change in energy, entropy, or volume.

Why We Integrate Forms, Not Vectors

While 1-forms are perfectly suited for integrating along 1-dimensional curves (such as
calculating the work done by a force field along a path), you cannot intrinsically sum
up vectors at different points. If you push a vector along a curve on a sphere, the space
curves underneath it. However, a 1-form is specifically designed to act on the tangent
vectors of the curve itself. By feeding the curve’s velocity vector into the 1-form at each
point, you produce a series of standard real numbers. Real numbers can be summed
up perfectly across a manifold, regardless of its curvature. You can only integrate

differential forms.

Concept Check 3: If Force is fundamentally a 1-form rather than a vector (an arrow

pushing in a certain direction), how does its geometric interpretation change? Contrast

an “arrow” of force with a “stack of planes” of force in terms of calculating work.
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The Wedge Product (A) and Higher Forms

dy

Xlx/\dy

An oriented area element (2-form)

Y dx

Physical theories require mathematical objects capable of being integrated over 2D sur-
faces, 3D volumes, and beyond. For example, calculating a magnetic flux requires an
oriented surface area. To achieve this, we must combine 1-forms to create higher-degree
objects—called p-forms—that represent these oriented, multi-dimensional geometric mea-

surements.

To build these p-forms, we introduce the wedge product (or exterior product). Unlike
the standard tensor product (®) which simply binds vector spaces together, the wedge
product introduces an inherent antisymmetry. When we combine two basis 1-forms, we

create a 2-form basis element: dz* A dz”.
The wedge product is governed by three fundamental algebraic rules:

1. Antisymmetry: Reversing the order of the forms flips the overall sign: dx*Adx” =
—dz¥ ANdz*. This geometrically encodes the orientation of a surface (i.e., specifying

an “up” or “down” normal vector).

2. Nilpotency: As a direct consequence of antisymmetry, wedging any 1-form with
itself always yields zero: dax* A dz* = 0. Geometrically, this reflects the fact that a

parallelogram spanned by two identical, collinear vectors has exactly zero area.

3. Linearity: The operation distributes smoothly over addition: a A (5 + ) = a A
B+aNy.

Concept Check 4: Using the geometric intuition of the wedge product as an area

spanned by two vectors, explain physically why dx A dz must exactly equal zero.




Illustrative Example: Area Forms and the Jacobian

Geometrically, the 2-form da! A da? represents an oriented, infinitesimal area element
in the local plane spanned by the coordinates z! and 2. The antisymmetry inherently
encodes the geometric orientation.

To see how seamlessly this algebra handles coordinate transformations, consider a
smooth shift from (2!, 2%) to a new coordinate system (z'*, 2"?). The exterior differen-

tials transform strictly according to the chain rule:

/1 /1
da' = gxldxl + ‘?ﬂdﬁ
X 5
2 /2
dz”? = gxxldxl + g;dx?

Taking the wedge product of these new basis forms and expanding via linearity gives:

a /1 (9 /1 8 12 (9 12
dx"' A dx'? = (aildacl + (ff:ﬁde) A (;xldacl + (;;dﬁ)

Expanding this product and applying the nilpotency rule (dz! Adx' = 0, dz? Adx? = 0)
instantly eliminates the diagonal terms. Applying the antisymmetry rule (dz? A dz' =

—dx!' A dz?) to the remaining cross terms factors out the original area element:

ox 0x?  0x' 0"

oxl 922 022 Ozl

Az’ A dz? = < ) dxt A da?

The scalar term inside the parentheses is exactly the determinant of the Jacobian
matrix, det(.J). Thus, dz'* Adx"? = det(J)dz' Adz?. The algebra of the wedge product

naturally and automatically generates the exact Jacobian determinant required for

changing variables in multiple integrals.

Constructing General p-Forms and Physics Examples:
Using the wedge product, a general 2-form F (such as the Faraday electromagnetic tensor)
can be written as:

F = %Fwdx“ A dx” (1)

Because the basis object dz* Adz"” is inherently antisymmetric, the components F},, must

correspondingly form an antisymmetric matrix (£, = —F,,).

This process generalizes easily to any integer p. By wedging p coordinate 1-forms to-
gether, we construct a general p-form. In an n-dimensional manifold, the maximum
non-zero degree is an n-form (which represents the top-level volume element). Any form
of degree p > n automatically vanishes because at least one coordinate differential must

be repeated, triggering the nilpotency rule.



1. Magnetic Flux (2-form): The magnetic field is best understood not as a vector,
but as a 2-form: B = B,(dy A dz) + By(dz A dz) + B.(dx A dy). It requires a
2-dimensional surface to act upon. When you feed it a surface, the output is the

total magnetic flux through that area.

2. Volume Density (3-form): In 3D space, a 3-form looks like p = f(x,y, z)dx A
dy N dz. This is the mathematically rigorous version of a volume charge density. It

expects a 3D region of space as an input and outputs the total charge enclosed.

The Metric Tensor in Terms of Forms:
While the wedge product A allows us to build perfectly antisymmetric geometric forms,
the physical geometry of distance requires absolute symmetry. The metric tensor g is
constructed directly from our basis 1-forms using the standard, symmetric tensor product
&:

8 = guda" @ dx” (2)

When this abstract tensor machine evaluates an infinitesimal displacement ds, it extracts
the necessary components to perfectly yield the familiar invariant line element ds?. It is
crucial to remember that the metric strictly relies on the symmetric ®, not the antisym-
metric A, because reversing the directional orientation of a spatial measurement does not

negate the absolute distance between two points.

The Exterior Derivative (d)

The exterior derivative, denoted simply by d, is an operator that acts on a p-form to
strictly produce a (p 4+ 1)-form. It provides a natural, coordinate-independent method
for differentiating these antisymmetric geometric objects across a manifold. It asks: How

does this differential form change infinitesimally as we move across the manifold?
The operator d is governed by a few fundamental rules:

e Action on Scalars: If f is a scalar function (a O-form), df yields a 1-form con-

structed directly from its partial derivatives:

df = 0,,f da" (3)

e The Graded Product Rule: When acting on a wedge product, it obeys a mod-

ified Leibniz rule where p is the degree of the form a:

dlaAB)=daNp+ (=1)PaAdp (4)



e Nilpotency: Applying the exterior derivative twice in succession always evaluates
to zero: d(dw) = 0 (often written compactly as d* = 0). This powerful algebraic
property mathematically encodes the geometric reality that the “boundary of a

boundary is zero”.

Illustrative Example: Differentiating a 1-Form
To see these rules in action, suppose we have a general 1-form A = A, dx* (such as the
electromagnetic 4-potential). We wish to calculate its exterior derivative, dA.

Applying d and utilizing the graded product rule gives:
dA = d(A,dz") = dA, N da" + A, d(dz")

By the nilpotency of the exterior derivative, the second derivative of any coordinate
is identically zero (d(dz*) = 0). The term dA, is simply the exterior derivative of
a scalar function (the component), which evaluates to dA4, = J,A,dz”. Substituting
this back gives the full 2-form:

dA = 0,A,dx" N\ dx*

Because the basis 2-form dz” A dx* is strictly antisymmetric, we can explicitly sym-
metrize the components to clearly see the resulting geometric object. By swapping the
dummy summation indices p and v to create a duplicate term and subtracting it, we

obtain: .

dA = 5(8,,Au — 0,A,)dx" A dxt
The quantity inside the parentheses is exactly the antisymmetric Faraday tensor F,,,.
Thus, this straightforward calculation cleanly demonstrates that the exterior derivative
of the vector potential mathematically generates the electromagnetic field tensor: dA =
F.




The Magic of d* = 0 (The Boundary of a Boundary)

Boundary 0%
The boundary itself is a closed loop with no endpoints (0(0%) = 0).
The most profound geometric property of the exterior derivative is that applying it twice
in succession always yields exactly zero: d(dw) = 0.

Topologically, this is the continuous, differential analogue of the geometric fact that
“the boundary of a boundary is zero” (0*> = 0). A 2D surface has a 1D boundary (a
closed loop). But that closed loop itself has no endpoints (no 0D boundary). Because
integration and differentiation are intimately linked (via Stokes’ Theorem), d* = 0 is the

direct reflection of this topological truth.

Closed and Exact Forms (The Poincare Lemma)

We classify differential forms into two vital categories based on the d operator:
e Closed Form: A form w is closed if its derivative is zero (dw = 0).

e Exact Form: A form w is exact if it is the derivative of some lower-level form
(w = da).

Because d? = 0, every ezact form is automatically closed. The famous Poincare Lemma
states that on a smoothly contractible manifold (like R™ with no holes punched in it),

the reverse is also true: every closed form is exact.

Concept Check 5: In electromagnetism, the Faraday tensor F' (representing the E
and B fields) is the exterior derivative of the 4-potential A (so F' = dA). Using the
identity d? = 0, prove that dF = 0. What physical law regarding magnetic monopoles
does dF' = 0 correspond to?




The Hodge Star Operator (%)

While the wedge product and the exterior derivative rely purely on the underlying topol-
ogy of the manifold, the Hodge star strictly requires a metric. It is a geometric machine
that exploits the metric tensor to map a p-form into an (n — p)-form, where n is the total

dimension of the manifold.

To define this operation rigorously in components, we introduce the completely antisym-
metric Levi-Civita symbol, ¢, ., which equals +1 for even permutations, —1 for odd

permutations, and 0 if any indices repeat.

The Need for the Metric Determinant (+/|g]):

By definition, the Levi-Civita symbol £ has the exact same constant values (0,1, —1)
in every coordinate system. Because its components do not change smoothly when we
change coordinates, it is not a true tensor; it is a tensor density. Under a coordinate
transformation x# — z'*, a true covariant tensor must transform by picking up the
Jacobian determinant. Because ¢ fails to do this, our resulting geometric forms would

arbitrarily change depending on our choice of coordinates.

To fix this, we look at the determinant of the metric tensor, g = det(g,,). Under the

same coordinate transformation, matrix properties dictate that the metric determinant

ox

When we multiply the Levi-Civita symbol by /|g|, the Jacobian factors perfectly can-

transforms with the inverse Jacobian squared:

-1

Vgl ()

, dx\ ° -
g = det B g = l9'| =

cel each other out (for orientation-preserving transformations). The combined object,
V9l€u1 ... » transforms flawlessly as a true, coordinate-independent tensor, often called

the Levi-Civita tensor or the invariant volume form.

When the Hodge star acts on a p-form A, it uses the inverse metric to raise all p indices
of the form, and then contracts those indices with the trailing indices of the Levi-Civita

tensor. This automatically isolates the (n — p) orthogonal basis directions.

In a 4-dimensional spacetime with a Lorentzian metric (where the determinant is negative,

hence \/—g), the explicit definitions for mapping forms of varying degrees are:

e 0-form (Scalar) to 4-form:

*A = =98 popspa A At N dzt A dxt® N dat



1-form to 3-form:

*A = /=09 popgpa A dxtt A dat? A dxt

2-form to 2-form:

J— ’
*A = V=98 papuan A A N dt

3-form to 1-form:

— /= p2p3 L ]
*A = V=9 papspa A dr

4-form to O-form:

— /= 1 2 3 e
*A =y gguwzugmA

Generalization on Basis Forms:

We can formalize this mathematical generalization for any basis p-form in an n-dimensional
space. The Hodge star mathematically achieves orthogonality by contracting the p in-
dices of the basis form with the first p indices of the n-dimensional Levi-Civita tensor.

The general formula is:

V |g| 1% Vn
*(dl’ul /\ ttt /\ dl"up) - mgﬂl'--ﬂpyp+1"'und$ Pl /\ ctt /\ di(f (6)

The fractional prefactor ﬁ is crucial. Because we are summing over the remaining
(n — p) dummy indices, the antisymmetry of the wedge product will naturally generate
(n—p)! identical copies of the exact same output form. The factorial term simply cancels

this overcounting.

Unifying Vector Calculus and Dimensional Dependence

By combining the exterior derivative with the Hodge star, the classical vector calculus
operators are elegantly revealed as different manifestations of the exact same geometric
operation. Crucially, while the exterior derivative d operates completely independently
of the manifold’s dimension and metric, the Hodge star x depends strictly on both. This
dimensional dependence exposes why certain vector operators uniquely exist as spatial

vectors only in three dimensions.

e Gradient (Valid in any dimension): The standard derivative of a scalar 0-

form f instantly yields a 1-form. This coordinate-free geometric operation works



universally regardless of the total dimension n.
gradf < df (7)

Physical Example: The static electric field 1-form F is simply the negative gradient
of the scalar electric potential O-form ¢: F = —d¢.

e Curl (Strictly a 3D vector phenomenon): Taking the exterior derivative of a
1-form w always generates an antisymmetric 2-form (dw). In exactly 3 dimensions
(n = 3), applying the Hodge star uniquely maps this 2-form back to an orthogonal

1-form (xdw), which we interpret classically as a vector field.
curlF <= xdw (8)

Because the Hodge star maps a p-form to an (n — p)-form, converting a 2-form into
a 1-form stringently requires n — 2 = 1, dictating that n must precisely equal 3. In
4D spacetime (n = 4), the “curl” of the 4-potential 1-form A correctly yields the
Faraday electromagnetic 2-form F = dA. However, applying the Hodge star in 4D
yields another 2-form (¥F), not a 1-form vector field. This constitutes the profound
geometric reason why the magnetic field cannot mathematically exist as a simple

spatial vector in relativity.

e Divergence (Valid in any dimension): To measure flux, we first apply the
Hodge star to a 1-form (representing a vector field) to create an (n— 1)-form surface
(xw). We take the exterior derivative to capture the n-form volume variation (dxw).
Finally, applying the Hodge star again maps the n-form top-level volume directly
back to a scalar 0-form.

divF <= xdxw 9)

Physical Example: In fluid dynamics or electromagnetism, divergence mathemat-
ically represents the net continuous source or sink of a field. Gauss’s Law relates
the divergence of the electric field 1-form E directly to the charge density O-form
p: *xdx E = p. Similarly, the continuity equation for any conserved probability or

fluid current J is elegantly written as d x J = 0.

Concept Check 6: Let I' = F,dy Adz+ F,dz Ndx+ F.dx Ady be a 2-form. Calculate

dF. What classical vector calculus operation (Gradient, Curl, or Divergence) does this

operation correspond to?




Maxwell’s Equations from Differential Forms

To see how the elegant coordinate-free equations dF = 0 and dxF = %xJ beautifully unpack

into the four classical Maxwell equations, we must express them in local coordinates.

We will work in 4-dimensional Minkowski spacetime with coordinates (¢, z,y, 2), setting

¢ =1 and using the metric signature (—, +, +, +).

Defining the Faraday Tensor (F)

The electromagnetic field is completely described by the Faraday 2-form, F. It is con-
structed from the components of the electric field E = (E,, £y, E.) and the magnetic
field B = (B,, By, B,) combined with the wedge product (A) of the basis 1-forms:

F = E,dx Adt + E,dy Adt + E.dz A dt + Bydy A dz + Bydz A dx + Bode Ady — (10)

The Homogeneous Equations: dF =0

The exterior derivative d upgrades the 2-form F into a 3-form. We calculate dF by tak-
ing the partial derivatives of the components and wedging the corresponding coordinate

differential to the front. Because dx* A dz* = 0, many terms immediately vanish.
Let us group the resulting 3-form terms into spatial parts and mixed space-time parts.

The strictly spatial part:

We take the spatial derivatives of the magnetic field components:
O0pBydx N dy N dz + 0, B,dy N\ dz N dx + 0,B.dz A dx A dy

Because dy A dz A dx = dx A dy A\ dz (shifting a 1-form past two others involves two sign
flips, (—1)% = 1), this becomes:

(0,By + 0,B, + 0,B,)dx N dy N dz
Setting this spatial coefficient to zero gives Gauss’s Law for Magnetism:

V-B=0 (11)

The space-time parts:
Let us look specifically at the dx A dy A dt basis component. It receives contributions

from three places when applying the exterior derivative:

1. Deriving E,dy A dt with respect to z: 0, E,dx A dy N\ dt

10



2. Deriving E,dx A dt with respect to y: 0, E,dy N dx N dt = —0,F,dx N\ dy N dt
3. Deriving B.dx A dy with respect to t:  0;B.dt Adx A dy = 0;B.dx N\ dy A dt

Combining these yields:
(0,Ey — 0yEy + 0B, )dx Ndy Ndt =0

This is exactly the z-component of V x E + ;B = 0. The permutations for the other

axes follow identical logic, yielding Faraday’s Law:

0B

The Inhomogeneous Equations: dxF = xJ

To handle the sources, we need the Hodge star (x), which maps 2-forms to orthogonal
2-forms in 4D space. Using our metric, applying the Hodge star to F swaps the roles of
E and B (specifically, E - —B and B — E):

*F = —Bydx Ndt — Bydy Ndt — B,dz \Ndt + E,dy N dz + E,dz N\ dx + E.dx A dy

Now, we introduce the 4-current 1-form J = —pdt + j,dx + j,dy + j.dz. Taking its Hodge
star yields the 3-form:

*J = pdx Ndy N dz — jrdy Ndz Ndt — j,dz ANdx N dt — j.dx Ady A dt

Now we evaluate d x F = xJ by matching the basis 3-forms on both sides.

The strictly spatial part (dz A dy A dz):

Taking the spatial derivatives of the E components in xF yields:
(0B, + 0yEy+ 0.E,)dx N dy A dz
Equating this to the spatial part of xJ gives Gauss’s Law:

V-E=p (13)

The space-time parts (e.g., dx A dy A dt):
Just as before, we gather the exterior derivative contributions for this basis element, but

now acting on the components of xF:

1. Deriving —B,dy A dt with respect to x:  —0,Bydx A dy N\ dt

11



2. Deriving —B,dx A dt with respect to y:  —0,B,dy A dx A dt = 0,B,dx N dy A dt
3. Deriving E.dx A dy with respect to t: O, E.dt Ndx Ndy = O, E.dx Ndy N dt
Combining these yields the left side: (—0,B, + 0,B, + 0,E.).

Equating this to the corresponding dz A dy A dt coefficient in xJ (which is —7.) gives:
—(V X B)Z + 0L, = —J.

Multiplying by —1 and generalizing across the remaining axes retrieves Ampere’s Law:

0E
B=ij+ — 14
V x J‘f‘at (14)

Further Physical Applications of Exterior Calculus

Beyond electromagnetism, differential forms provide the natural mathematical language
for several other branches of physics, beautifully clarifying the underlying geometric struc-

tures.

e Thermodynamics and Inexact Differentials: In classical thermodynamics, the
First Law relates the change in internal energy U to heat () and work W. In the

language of forms, this is written as:
dU = 6Q — oW (15)

Because internal energy is a state function, dU is an ezact 1-form (it is the ex-
terior derivative of a O-form U). Consequently, integrating dU around any closed
thermodynamic cycle strictly yields zero (§ dU = 0). However, heat and work are
path-dependent processes, meaning 0¢) and éW are general 1-forms that are not
the exterior derivative of any scalar function (they are ineract). Exterior calcu-
lus perfectly captures this physical distinction without requiring clunky alternative

notation.

e Hamiltonian Mechanics (Symplectic Geometry): In advanced classical me-
chanics, a physical system is described by its phase space, which consists of gen-
eralized coordinates ¢' and conjugate momenta p;. The fundamental geometric

structure of this space is governed by the symplectic 2-form, w:
w =dp; \dq' (16)

This 2-form is closed (dw = 0) and non-degenerate. It acts as the geometric engine

12



that generates the equations of motion. When the symplectic 2-form “eats” a
Hamiltonian vector field (which describes the flow of time evolution), it outputs

the negative gradient (the 1-form) of the Hamiltonian energy function H.

Fluid Dynamics (Vorticity): In fluid mechanics, we can express the velocity
field of a fluid as a 1-form v = v,dr 4+ v,dy 4+ v.dz. The circulation of the fluid along
a closed loop is given by the line integral § v. Applying the exterior derivative to

this velocity 1-form yields a 2-form known as the vorticity, 2
Q=dv (17)

Vorticity physically represents the local rotational spin of the fluid elements. By
generalized Stokes” Theorem ( f oV = fz dv), the macroscopic circulation around
the boundary loop is strictly equal to the integral of the microscopic vorticity over

the bounded surface area.
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