
Lecture 6

Applications of Lie algebras to solving PDEs
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1. Linear PDEs

Let us take a linear PDE:

a1
∂F

∂x1
+ · · ·+ aN

∂F

∂xN
= 0.

Let X be the vector �eld

X = a1
∂

∂x1
+ · · ·+ aN

∂

∂xN
.

In the canonical coordinates (u1, . . . , uN ) for X (Lecture 5, �2) this becomes

∂F

∂u1
= 0

whose solutions are F = F (u2, . . . , uN ).

2. The Laplace and the wave equation

These are the equations:
∂2F

∂x21
+ · · ·+ ∂2F

∂x2N
= 0

and
∂2F

∂x21
+ · · ·+ ∂2F

∂x2N−1

− c2
∂2F

∂x2N
= 0.

By scaling we can take c = 1.

These equations in 2-variables are very easy to solve because the operators factorize:

∂2

∂x2
+

∂2

∂y2
=

(
∂

∂x
+ i

∂

∂y

)(
∂

∂x
− i

∂

∂y

)
and

∂2

∂x2
− ∂2

∂y2
=

(
∂

∂x
+

∂

∂y

)(
∂

∂x
− ∂

∂y

)
.

The solutions of (
∂

∂u

∂

∂v

)
(F ) = 0

are F (u, v) = g(u) + h(v) and using this one can get the general solution.

Nevertheless the main idea of the inventor of the theory of Lie algebras and Lie groups was that

one must study the group of symmetries of the equations and use it to solve di�erential equations.

To illustrate this idea I will stick to these two PDEs and I need to explain the ideas of invariant

functions and invariant operators. For this I need to develop some concepts from calculus that you

already know from the previous lectures.
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3. The Jacobian and the di�erential of a function

Let U ⊂ RN , V ⊂ RM be open sets and ϕ : U → V be a di�erentiable function. Say

ϕ(x1, . . . , xN ) =
(
f1(x1, . . . , xN ), . . . , fM (x1, . . . , xN )

)
.

If C : I → U (I ⊂ R an open interval) is any curve in U , then

d

dt

(
ϕ(C(t))

)
=
(
(grad f1)(C(t)) · C ′(t), . . . , (grad fM )(C(t)) · C ′(t)

)

=


∂f1
∂x1

· · · ∂f1
∂xN

...
...

∂fM
∂x1

· · · ∂fM
∂xN


x′1(t)

...

x′N (t)


where C(t) = (x1(t), . . . , xN (t)).

= (Jacϕ)(C(t)) ·

x′1(t)
...

x′N (t)

 .

For reasons which will become clear in a minute, we call the Jacobian of ϕ the di�erential of

ϕ.1 From the formula in the box, it is clear that if we take any two curves C1, C2 de�ned on the

interval (−ϵ, ϵ) and
C1(0) = C2(0) = p and C ′

1(0) = C ′
2(0) = v

then
d

dt

∣∣∣
t=0

ϕ(C1(t)) =
d

dt

∣∣∣
t=0

ϕ(C2(t)) = (Jacϕ)(p)(v).

De�nition. If p ∈ U , (dϕ)p is a map

(dϕ)p : Tp(U) −→ Tϕ(p)(V )

de�ned by

(dϕ)p(v) =
d

dt

∣∣∣
t=0

ϕ(p+ tv).

By the formula in the box, if C is any curve with C(0) = p, C ′(0) = v,

d

dt

∣∣∣
t=0

ϕ(C(t)) = dϕp(v).

From here we get the chain rule: if ϕ1 : U → V , ϕ2 : V →W then

d(ϕ2 ◦ ϕ1)p = d(ϕ2)ϕ1(p) ◦ (dϕ1)p.2

The way we have set up calculus on arbitrary subsets of euclidean spaces, this makes sense there

too.
1The Jacobian matrix and the chain rule for it were set up in Lecture 5, �1; here we recast them as the di�erential

of a map.
2See J. W. Milnor, Topology from the Di�erentiable Viewpoint, Princeton University Press, �1 (�Tangent spaces

and derivatives�, pp. 2�3), where the derivative dfx and the chain rule d(g ◦ f)x = dgf(x) ◦ dfx are given for maps of
open subsets of euclidean spaces.
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4. Push-forward of functions and vector �elds

Let ϕ : U → ϕ(U) = V be a di�erentiable and 1:1 function. Let f be a function on U . The function
ϕ∗f : V → R is de�ned by

(ϕ∗f)(p) = f
(
ϕ−1(p)

)
, p ∈ V.

If X is a vector �eld, ϕ∗X is a vector �eld on ϕ(U) = V de�ned by

(ϕ∗X)(p) = dϕϕ−1(p)

(
X(ϕ−1(p))

)
.

Basic Formula.

(∗) ϕ∗(Xf) = (ϕ∗X)(ϕ∗f).

The proof is an exercise in de�nitions. I will omit it and send a proof by e-mail.

This simple looking formula is the key to the fact that if X and Y are vector �elds then

ϕ∗[X,Y ] = [ϕ∗X, ϕ∗Y ]

and if f is a di�erentiable function

ϕ∗
(
X(Y f)

)
= (ϕ∗X)

(
(ϕ∗Y )(ϕ∗f)

)
.

A Basic Example. Let us take

ϕ(x, y) = (x+ a, y)

and X =
(
ξ(x, y), η(x, y)

)
any vector �eld on R2.

What is ϕ∗f? By de�nition

(ϕ∗f)(x, y) = f
(
ϕ−1(x, y)

)
= f(x− a, y).

What is (ϕ∗X)?

(ϕ∗X)(x, y) = (dϕ)ϕ−1(x,y)X
(
ϕ−1(x, y)

)
= (dϕ)(x−a, y)

(
ξ(x− a, y), η(x− a, y)

)
.

Now the Jacobian of the map (x, y) 7→ (x− a, y)

=


∂

∂x
(x− a)

∂

∂y
(x− a)

∂

∂x
(y)

∂

∂y
(y)

 =

(
1 0

0 1

)
.

Thus

(ϕ∗X)(x, y) =
(
ξ(x− a, y), η(x− a, y)

)
.

Let us now take a 1-parameter group of translations ψt : R2 → R2,

ψt(x, y) = (t+ x, y).

The corresponding vector �eld is

d

dt

∣∣∣
t=0

ψt(x, y) = ⟨1, 0⟩ = ∂

∂x
.

3



Proposition 1. If
d

dt

∣∣∣
t=0

(
(ψt)∗f

)
= 0, then (ψt)∗f = f for all t.

Proof.

d

dt

∣∣∣
t=0

(
(ψt)∗f

)
= lim

t→0

1

t

(
((ψt)∗f)(x, y)− f(x, y)

)
= lim

t→0

f(x− t, y)− f(x, y)

t
= −∂f

∂x
(x, y) = 0.

Thus f(x, y) = g(y) for some function g. Hence

((ψt)∗f)(x, y) = f(x− t, y) = g(y) = f(x, y). ■

For the vector �eld X =
∂

∂x
, its 1-p.g. ψt is given by ψt(x, y) = (x + t, y). Let Z(x, y) =(

ξ(x, y), η(x, y)
)
be any vector �eld.

Proposition 2.

(a) lim
t→0

(
(ψt)∗Z − Z

t

)
(x, y) = −

[
∂

∂x
, Z

]
(x, y).

(b) If the limit in (a) is 0, then (ψt)∗Z = Z.

Proof. By de�nition (
(ψt)∗Z

)
(x, y) = (dψt)(x−t,y) Z(x− t, y) = Z(x− t, y)

as seen above. Hence

lim
t→0

(
(ψt)∗Z − Z

t

)
(x, y) = lim

t→0

(
ξ(x− t, y), η(x− t, y)

)
−
(
ξ(x, y), η(x, y)

)
t

= −
(
∂ξ

∂x
,
∂η

∂x

)
(x, y) = −[X,Z](x, y).

(b) If [X,Z] = 0, then Z(x, y) =
(
ξ(y), η(y)

)
. Therefore(

(ψt)∗Z
)
(x, y) = (dψt)(x−t,y)

(
Z(x− t, y)

)
= Z(x− t, y) = Z(x, y). ■

Theorem. Let X be any vector �eld and {ψt}−ϵ<t<ϵ be its local 1-p.s.g.

(a) If X(f) = 0 then (ψt)∗f = f .

(b) Let Z be any vector �eld. If [X,Z] = 0 then (ψt)∗Z = Z.

Proof. Away from singularities, there are local coordinates in which X =
∂

∂x̃
. The result then

follows from Propositions 1 and 2. ■

4



5. Rules for computing symmetries of di�erential operators

If X and Y are vector �elds and we interpret D = XY as a 2nd order di�erential operator and Z
is a vector �eld, then, writing ψt for the local 1-parameter group of Z, the Lie derivative of D with

respect to Z is

lim
t→0

(ψt)∗D −D

t
.

This is denoted by LZD.

(ψt)∗D = D ⇐⇒ LZD = 0.

Moreover

LZf = −Zf, LZX = −[Z,X],

and

LZ(XY ) = (LZX)(Y ) +X(LZY ).

Applications to solutions of the Laplace and wave equation will be given in the next lecture.
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